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Laminar Flow Past Three Closely Spaced
Monodisperse Spheres or Nonevaporating Drops

R. S. Ramachandran,* T.-Y. Wang,t C. Kleinstreuer,$ and H. Chiangt
North Carolina State University, Raleigh, North Carolina 27695

A basic understanding of the highly nonlinear interaction effects of multiple, closely spaced spheres or
droplets on the fluid flow patterns and fluid mechanics parameters is of importance for the improved design of
a variety of fluid-particle systems. Streamlines, vorticity contours, flow separation angles, and individual
drag/interaction coefficients are presented for steady laminar axisymmetric flow past a linear array of three
spheres or droplets. A finite element method has been used to solve the complete Navier-Stokes equations for
the system parameter ranges of 1 < Red < 200 (particle Reynolds numbers) and 2 < dy < 6 (dimensionless
particle spacings). The verified computer simulation results indicate that the separation angles and effective drag
coefficients of interacting spheres deviate significantly from solitary spheres at all Reynolds numbers. The
differences between solid spheres and nonevaporating water drops in air with stress-induced internal circulation
are only marginal.

Nomenclature
#1,2,3 = constants
£ 1,2,3 = constants
CDs = total drag coefficient of single sphere
CD,* - total drag coefficient of sphere k
Cp - form drag coefficient
d,D = sphere/droplet diameter
dij - intersphere distances
/ = function
L = representative droplet spacing
TVw = average Nusselt number
p = pressure
Pr - Prandtl number
r = radial cylindrical coordinate
RQ = radius of sphere
Re = Reynolds number
UQ = characteristic or freestream velocity
u, v = velocity components
V = magnitude of two-dimensional droplet velocity
v = velocity vector
V = variable
z = axial coordinate

Greek Symbols
a - drag coefficient ratio
§ = unit vector
v - kinematic viscosity
p = density
6 = spherical coordinate
A6 = difference in separation angles (A0sep = 0sep — 0sep,s)

= separation angle measured from forward stagnation
point

\l/ = stream function
T = tangential stress
f = vorticity function
a = normal stress
7 = surface tension
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Subscripts
D = total drag
d = based on diameter
g = gas phase
/ = index for particle spacing (/ = 1,2)
j = index for particle spacing ( / = / + !)
k = index for particle identification (k = 1,2,3)
£ = liquid phase
s = single sphere
sep = flow separation
oo = at infinity

Superscript
* = dimensional quantities

Introduction

A BASIC understanding of steady laminar flow past multi-
ple spheres or drops is important for design applications

where noncollisional interaction effects are significant. Exam-
ples include spray systems, particle suspension flows, fluidized
beds, and spherical structures in a linear array. Of interest in
this paper are the flow patterns around three spheres and the
spheres' flow separation angle and drag coefficients in the
Reynolds number range of 1 < Red < 200 at different spac-
ings; the effect of slip at the interface of drops on fluid flow
parameters has also been investigated.

While single-sphere analyses are now well documented,1'2
multiple-sphere studies are restricted to two-sphere/droplet
systems.3'5 Zaprynov and Toshov4 solved the Navier-Stokes
equations and the energy equation numerically for steady
laminar flow past two spheres in tandem for Red < 40, as Tal
et al.3 had done using bispherical coordinates. Raju and Sirig-
nano5 employed a finite-difference code6 with mesh generator7

to solve the unsteady Navier-Stokes equations (Red < 100) for
two vaporizing droplets in tandem. They again confirmed
earlier observations that (close) particle spacings affect fluid
flow parameters as well as heat and mass transfer rates. Mul-
holland et al.8 measured two-dimensional trajectories of a
stream of monodisperse nonevaporating droplets in the initial
Reynolds number range of 90 < Red < 290. Then they curve-
fitted a simple trajectory model to the experimental data to
obtain an effective drag coefficient as a function of the Rey-
nolds number and a droplet spacing representative of the
entire droplet streamer. Earlier contributions are based on the
classical paper by Stimson and Jefferey,9 who used bispherical
coordinates to solve for the stream function considering



44 RAMACHANDRAN, WANG, KLEINSTREUER, AND CHIANG AIAA JOURNAL

Fig. 1 Representative axisymmetric quadrilateral finite element mesh and coordinate system for linear array of spheres or droplets.

axisymmetric, low Reynolds number flow past two spheres.
They derived a correction factor representing interaction ef-
fects for Stokes' drag formula. Their analysis was extended
to the case of two slowly moving drops by Wacholder and
Weihs.10 Assuming axisymmetric potential flow (Re-*oo),
Bentwich and Miloh11 obtained an analytic solution for two
spheres in tandem. Relevant experimental work is limited to
flow visualization and measurements of the drag coefficients
and the flow separation angles of two-sphere systems.12'13

For the analysis of interaction effects of spheres and
droplets in a linear array or on a one-dimensional trajectory,
it is necessary to consider more than two spheres or droplets;
however, three to five particles should be sufficient.14 Hence,
we concentrate on three spheres, or three droplets with shear-
induced internal circulation aligned with the freestream. The
complete momentum equation has been solved for steady
laminar axisymmetric incompressible flow using a finite ele-
ment method. It is assumed that steady (attached) wakes exist
in the Reynolds number range of interest.15

Analysis
A representative finite element mesh and the axisymmetric

(cylindrical) coordinate system for the computational domain
are depicted in Fig. 1. With the stated assumptions, the non-
dimensional equations and associated boundary conditions are
Continuity equation:

Momentum equation:

(vg,r V)v = - vp

(1)

(2)

where the velocity vector and the del-operator have two com-
ponents each. In the gas phase axisymmetric cylindrical coor-
dinates vr = vg, vz = Ug and V = br (d/dr) + 5Z (d/dz) are used;
whereas in the liquid phase (droplets), axisymmetric spherical
coordinates, VR = vf, ve = u? and V = dR (d/dR) + de (l/R)
(3/dO) are used.
Boundary conditions:

1) At inlet and upper domain boundary

ug = 1 and vg =0

2) Along centerline

vp = 0 and dve/dr = 0

(3a)

(3b)

3) At the solid-gas interfaces (three spheres)

and for the liquid-gas interfaces (three droplets)

vg = V(\ Tg = T( and (p — a)

4) At the domain outlet

v ,=0 and dUg/dz = 0

(3c)

(3d)

(3e)

The dimensionless variables are defined as

Numerical Method
The governing equations [Eqs. (1) and (2)] subject to the

conditions of Eqs. (3a-e) are solved using a widely accepted
finite element software package.16 Actually, the penalty func-
tion approach is used where the continuity requirement is
weakened by replacing Eq. (1) with V • vg = ep. The penalty
parameter is very small, i.e., e - 0(10~6). The elements chosen
are isoparametric quadrilaterals with nine nodes and bi-
quadratic velocity and linear pressure approximations.17 A

Table 1 Comparison of characteristic flow parameters for sphere(s)

Separate angle 0sep

Single sphere
Red Reference18

10 ——
">n
40 144.0
50 139.3

100 126.5
200 116.4

Present
results

144.4
139.5
125.1
116.5

Drag coefficient CDS

Reference19

4.24
2.61
1.82
1.63
1.186
0.916

Present
results
4.40
2.71
1.83
1.65
1.187
0.916

Drag coefficients CD,k\ k = 1,2
Two spheres

Red = 40
Reference12

Reference3

Reference4

Present results

CD, i
0.80
0.88

0.84

- 1.5

0.54
0.53

0.56

dn
CD,\
——

0.88
0.88

= 2
CD,2

0.621
0.624

di:
CD, i
——

0.92
0.94

> = 4
CD,2

0.74
0.73
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Fig. 2a Vorticity contours and streamlines for three spheres at du = 2 and cfo = 4, (Red = 1).

Fig. 2b Vorticity contours and streamlines for three spheres at du = 2 and d23 = 4, (Red = 20).

Fig. 2c Vorticity contours and streamlines for three spheres at du = 2 and cfo = 4, (Red = 100).

Fig. 2d Vorticity contours and streamlines for three spheres at du = 2 and cfo = 4, (Red = 200).
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Fig. 3a Vorticity contours and streamlines for three spheres at du = 4 and cfo = 2 (Red = 1).

Fig. 3b Vorticity contours and streamlines for three spheres at d\i = 4 and cfo = 2 (Red = 20).

Fig. 3c Vorticity contours and streamlines for three spheres at d\2 = 4 and c?23 = 2 (Red = 100).

Fig. 3d Vorticity contours and streamlines for three spheres at dn = 4 and efo = 2 (Red = 200).
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Fig. 4a Vorticity contours and streamlines for three spheres at dn = c?23 = 4 (Red = 1).

Fig. 4b Vorticity contours and streamlines for three spheres at du = cfo = 4 (Red = 20).

Fig. 4c Vorticity contours and streamlines for three spheres at dn = c/23 = 4 (Red = 100).

Fig. 4d Vorticity contours and streamlines for three spheres at d\i = cfo = 4 (Red = 200).
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quasi-Newton algorithm is used for solving the nonlinear
equations with a reformation of the Jacobian matrix every five
steps. In order to facilitate convergence, a slower but more
robust successive substitution method is applied for the first
three steps to bring the solution within the radius of conver-
gence of the quasi-Newton method. Subsequently, the faster
convering quasi-Newton scheme is invoked. Convergence was
achieved when the error criterion e = I (Vnew - vold)/Vnew I < 10 ~5

was fulfilled. A typical computer run required 6 hr of central
processing unit (CPU) time on an IBM 4341.

A mesh of variable density is required for cost-effective
computer runs. Very small elements are placed at the interface
and large elements near the domain boundaries. A smooth
transition from fine to coarse mesh regions has been provided.
The overall mesh size has been obtained in accordance with
the boundary conditions of Eqs. (3a) and (3e) by trial and
error. In order to avoid overlapping lines, the mesh shown in
Fig. 1 does not contain several layers of finite elements along
the spherical interface. Independence of the simulation results
from the mesh density has been successfully tested based on
repeat calculations with finer meshes.

With the given postprocessing capabilities, stress calcula-
tions, velocity vector graphs, as well as plots of streamlines,
vorticity contours and pressure profiles can be conveniently
executed.

Results and Discussion
The numerical code has been verified with published data

sets for single-sphere and two-sphere systems (Table 1). The
empirical correlations for the single-sphere separation angle
0sep = 0(r = 0) and the total drag coefficient CDs are given in
Clift et al.18 and White,19 respectively.

Table 2 Parameter variations for three-sphere case

Red = = 1,20, 50, 100 and 200
= 2, 4 and 6

Table 3 Letter values for vorticity contours and streamlines
(cf. Figs. 2 to 4)

Vorticity A = 0.25; B = 0.50; C = 1.00; D = 1.50; E - 2.50
contour
plots F = 5.00; G = 7.50; H = 10.0; I = 15.0; J = 20.0

Stream- M = 1.00; N = 0.75; O = 0.50; P = 0.25; Q-0.10
line
plots R = 0.05; S = 0.00; T = -0.001; U = -0.005; V - -O.Q1

6>sep,5 = 180 - 42.5 [& (/terf/20)]0-483 for 2JO<Red<4W (4)

+ 0.4 f o r l < # ^ < 2 x l 0 5 (5)

Measured data points for two spheres in tandem were pub-
lished by Rowe and Henwood,12 and theoretical solutions were
obtained by Tal et al.3 and Zaprynov and Toshov.4

For a linear array of three spheres or droplets, the
freestream Reynolds number (1 < Red ^ 200) and the inter-
sphere distances (1 < c?// < 6) between the first and second
sphere and between the second and third sphere have been
varied (Table 2). The flow separation angles as well as the
streamlines and vorticity contours for representative combi-
nations of these parameters are shown in Figs. 2-4. A wealth

P4

Q>

for 6 < 70°
2.0 2.2 2.4

2.0 2.2 1.8 2.0 2.2 ' 2.4

16

14

12-

10-

8-

6-

4
1.8 2.0 2.2 2.4

P«
0)
CO

1.6 1.8

Fig. 5
(A0sep =

2.0 2.2

log (Red)

Deviation in flow separation angles of interacting spheres from solitary spheres for different Reynolds numbers and sphere distances
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Table 4 Effects of slip at the spherical interface
on fluid flow parameters (Red = 200, dy - 4)

Spheres

CD..P/CD CD 0BQp\T = 0 CD,P/CL

Particle1

Particle2

Particle3

0.516
0.545
0.545

0.432
0.417
0.375

124,
130
132

.0

.4

.1

deg
deg
deg

0.
0.
0.

515
,553
,556

Droplets

> CD

0.421
0.412
0.369

0sepl

125.
132.
133.

T = 0

,8 deg
,2 deg
.1 deg

of data has been produced for all combinations of Re, dn
and </23 within the given ranges, and new correlations for
CD>k = CD>k(Re, djj) have been developed (see Fig. 6). In sum-
mary, at almost all Reynolds numbers and intersphere dis-
tances, the deviations of 0sep and CD from single sphere values
are significant. Convection heat transfer results in terms of
flowfield isotherms and average Nusselt number correlations
for each interacting sphere Nuk = Nuk(Re, Pr, dy) are pre-
sented in a complementary paper.20

Flow Patterns
Fluid flow patterns for steady laminar axisymmetric flow

past three spheres are depicted in Figs. 2a-4d in terms of vortic-
ity contours (upper half) and streamlines (lower half). The
magnitudes of the dimensionless vorticity function (f = const)
and stream function (\l/ = const) are given in Table 3 where
A <B<C... <J for vorticity contours and M>7V>0... > V
for streamlines.

The vorticity contour plots show clearly: 1) the boundary-
layer effect with increasing freestream Reynolds numbers,
2) the "body-pairing" of (two) closely spaced spheres (see
Figs. 2a-3d vs Figs. 4a and 4b), 3) the convection effect for
Red > 1, and 4) the downstream extent of the wakes for
Red>20. The streamlines depict the onset and size of the
near-wakes as a function of the Reynolds number and inter-
sphere distances. Delayed flow attachment at the front of the
second sphere at Red = 100 and 200 is indicated in Figs. 2c and
2d, and this reappears for the third sphere for the arrangement

given in Figs. 3c and 3d. This phenomenon, due to particle
interaction, is further discussed in the next section.

Separation Angles
The flow separation angles for spheres 2 and 3 are always

larger than those for a single sphere (Fig, 5) where 0sep is
measured from the forward stagnation point. Earlier flow
separation on the first sphere can be expected when the second
sphere is relatively close (d\2 < 2) and the Reynolds number is
low (20 <Re< 60) as shown in Fig. 5 and indicated in Fig. 2b.
When the distance between any two spheres is small (dy « 2)
and Re > 50, two "points" of zero wall shear stress appear on
the second or back sphere; one point is due to the near-wake
recirculation causing delayed flow attachment on the front
part of the closely spaced sphere and the second point repre-
senting the final flow separation (see Fig. 5). The recirculation
zone between two closely spaced spheres in a linear three-
sphere array is wider for the front pair (see Figs. 2b-2d) than
for the back pair (see Figs. 3b-3d). Both zones increase in
width when the Reynolds number increases. Upstream effects
are clearly demonstrated when comparing A6(Red) of the first
sphere at dl2 = d23 = 2 with the A0 values at dn = d23 = 6.
Strong interaction effects appear also in the sequence of
graphs in Fig. 5 where d23 is fixed at d23 = 2 and dn is varied,
i.e., 2 < di2 < 6. In this case, as d\2 is increased, A0 for sphere
1 increases from separation angles less than 0sep for a single
sphere, when Red < 60 and d\2 — 2, to separation angles ex-
ceeding those of the second sphere when Red < 200 and
du = 6. For very small d23 spacings, it is conceivable that
spheres 2 and 3 behave almost like a single body. Such a
body-pair behavior is evident when the flow patterns in Figs.
2a-2d and 3a-3d are compared with those in Figs. 4a-4d.

Total Drag Coefficients
Reliable CD -correlations are most desirable for the analysis

and design of multiple sphere systems. For a single sphere, the
drag coefficient CDs is a function of the Reynolds number
only. It can be expected from the flow patterns, separation
angles, and interaction effects discussed in the previous sec-

0.4-

0.2

log (Red)

Fig. 6 Ratio of drag coefficients for individual spheres as a function of Reynolds number and intersphere distance (cxk
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L/D = 2
Mulholland et al.
1st sphere
2nd sphere
3rd sphere

50 100 150 200 250

Re

Fig. 7a Comparison of individual drag coefficients of closely spaced
spheres with a representative drag coefficient for a droplet streamer8

(L/D =2).

Qo

L/D = 4
Mulholland et al.
1st sphere
2nd sphere
3rd sphere

50 100 150 200 250

Re

Fig. 7b Comparison of individual drag coefficients of closely spaced
spheres with a representative drag coefficient for a droplet streamer8

(L/D =4).

o

L/D = 6
Mulholland et al.
1st sphere
2nd sphere
3rd sphere

50 100 150 200 250

Re

Fig. 7c Comparison of individual drag coefficients of closely spaced
spheres with a representative drag coefficient for a droplet streamer9

(L/D = 6).

tions for three spheres, that

CD,k fi(Red; d
fi(Red)

, £/i2, $23)',
k = 1,2,3 (6)

Considering that the interaction effects are highly nonlinear
and their influence causes drag reduction, when compared
with a single sphere, ctk should have the following functional
form:

k = 1,2,3 (7)

where a\ — a3 and b\ — Z?3 are constants for each sphere and
lim ak^\ when flf,y — oo. Results from a curve-fitting proce-
dure indicated that Eq. (7) is most appropriate for the second
sphere, i.e., k = 2. In order to obtain better agreements with
sphere-1 and sphere-3 data bases, generated from computer
experiments, postulates for ce} and <x3 differed somewhat from
Eq. (7). Using a least-squares analysis, the following expres-
sions for ak have been developed.

First sphere:

ttl = 1 - 0.096 ^0.2475^-0.965^,0.4764/^3 (g)

Second sphere:

ce2 = 1 - Re^1593 (0.2932/tf1°i4876 + 0.1341 /d^4242) (9)

Third sphere:

«3 = 1 - 0.325 (^ Red + I)0'603*? ~°-282/^d2f-385 (10)

The average curve-fitting errors, i.e., the deviations of CD>k in
Eqs. (8-10) from the computer generated values, range from
2.4% (k = 1) to 4.1% (k = 3). Maximum errors are always
less than 9% and may occur at low Reynolds numbers
(Red<20). As du^00, oil approaches one, as to be expected.
Similarly, as £/23-*°°> «3 approaches one. However, the corre-
lation for o?2 retains the influence of the third sphere when
di2^°° and remains affected by the first sphere when d23^°°-

The drag coefficient ratios for each affected sphere, i.e., ak
[log (Red)] with the intersphere distance dy as a parameter, are
plotted in Fig. 6. It is evident that the interaction characteris-
tics of a multiple-sphere system are more pronounced at high
Reynolds numbers, i.e., ak (k = 2,3) decreases when Red in-
creases. The ratio OL\ depends almost exclusively on the dis-
tance d\2- As d\2 increases, a\ reaches unity asymptotically and
that limit for dn where OL\ « 1 increases with increasing Rey-
nolds number. Similar observations hold for spheres 2 and 3
when they become isolated.

Nonevaporating Droplets
When the three solid spheres are replaced by droplets where

the internal-to-external fluid viscosity ratio is high, the inter-
facial shear stress induces a weak liquid-phase circulation
(e.g., for water drops in an airstream, lv£ j inaxl = 0.03 UQ for
Red = 200), which causes a small delay in flow separation and
reduces the total drag coefficient. For example, the CD- and
0sep-varues for water drops in an isothermal airstream with
Re = 2QO and du = 4 are given in Table 4.

Figures 7a-c show a comparison between the individual
drag/interaction coefficients CD(Red) of Eqs. (8-10) with
d\2 = d23 = L /D as a parameter and the curve-fitted drag coef-
ficient8 representative of spherical droplets on a two-dimen-
sional trajectory. Mulholland et al.8 defined the lumped-pa-
rameter distance between any two droplets as L = L0 V(t)/vQ
where V(t) = (u2 + v2)1/2 and u,v are the velocity components
in the x and y direction. In general, the "measured" CD(Re)
curve is being approached with increasing particle spacing and
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with higher particle number. Discrepancies between the indi-
vidual graphs remain because of two-dimensional effects
lumped by Mulholland et al.8 into the definition of CDFD/[(p/
2) V2}, upstream or elliptic effects apparent in Fig. 7a when
compared to Fig. 7c, and of course experimental as well as
computational errors.

Conclusions
Laminar axisymmetric flow past a linear array of three

spheres or drops is a representative system for investigating
downstream/upstream interaction effects present in one-di-
mensional multiparticle arrangements. The analysis can be
used in a variety of fluid-particle models. Applications include
high density sprays, particle suspension flows, fluidized beds,
and fluid flow/spherical structure systems. The Navier-Stokes
equations describing laminar incompressible axisymmetric
flow have been numerically solved to study flow patterns (^
and f contours) and to calculate fluid mechanics parameters
(0sep and CD) for interacting spheres or droplets at 2 < dy < 6
and 1 < Red < 200. Vortex shedding, which may occur when
Red = 0(100), has not been considered.

As can be expected, interaction effects on the flow parame-
ters are highly nonlinear, and their impact increases with
decreasing intersphere spacing and increasing Reynolds num-
bers. A sphere with two neighbors is most strongly affected,
and downstream interaction effects usually override upstream
effects at high Reynolds numbers. The flow separation angles
for spheres 2 and 3 are always larger than 0sep for a single
sphere. A relatively smaller 0sep for the first sphere, i.e., a
wider near-wake, can be seen when di2<2 and Red<60.
Delayed flow attachment has been observed on the front part
of the second sphere in any close two-sphere arrangement
(dij « 2 and Red > 50). Such *'particle pairs" behave almost as
a single body.

Expressions for the drag coefficients of the individual
spheres CD>k/CDs - 1 —f(Red, dy) have been developed. They
should be most useful for the modeling, analysis, and design
of certain fluid-particle systems. Liquid spheres with weak
internal droplet circulations (e.g., water drops in air) differ
only marginally from solid spheres.
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